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Transmission-Phase Relations of Four-
Frequency Parametric Devices*

D. B. ANDERSONY, MEMBER, IRE, AND J. C. AUKLAND{, MEMBER, IRE

Summary—The gain, bandwidth, and excess noise temperature
properties of parametric amplifiers are generally known. However,
a knowledge of their transmission-phase properties is also essential
for the effective application of parametric amplifiers to angular de-
tection systems, such as monopulse radars and interferometers.
These angle detection systems derive even, odd, and quadrupolar
spatial components of the antenna diffraction patterns. The differ-
ential amplitude and differential phase between these signal com~
ponents ccntain the spatial information of position, extent, and
shape of the target. Consequently, to employ parametric transducers
in certain systems requires an understanding of the transmission
phase properties which are delineated in this paper.

The analysis follows the matrix representation of a nonlinear
capacitive susceptance, four-frequency transducer wherein due
note is taken of the phases. The transmission-phase relations are
written which include the effects of nonzero port susceptance and
nonlinear reactance element losses. At midband without losses, the
relations reduce to easily remembered equations which are signifi-
cant to the application of parametric transducers in phase-sensitive
systems. Some applications and experimental results are cited.

I. INTRODUCTION
I OW-NOISE parametricamplification is now a reality,

and its application to receiver systems is being

seriously considered. The gain, bandwidth, and
excess noise temperature properties of parametric am-
plifiers are generally known. However, a knowledge of
the transmission-phase property of parametric ampli-
fiers is also essential to their effective application in
certain types of phase-sensitive systems. The transmis-
sion-phase relations are the phase shifts associated with
the transmission coefficient of the transition between
the various ports of a transducer.!

For example, a monopulse angle-detection radar em-
ploys an antenna and a hybrid-junction labyrinth which
derives even, odd, and quadrupolar spatial components
of the antenna diffraction pattern. The source signal or
target echo differential amplitude and differential phase
between labyrinth ports contain spatial information of
target position, extent, and shape.® Consequently, to
employ parametric transducers for low-noise amplifica-
tion, or to implement the phase-detection function in
monopulse systems, requires a knowledge of their trans-
mission-phase properties.
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The gain, bandwidth, and noise properties for the
various operational modes of four-frequency parametric
devices have been considered previously.’—2

The authors’ intent is to delineate the transmission-
phase properties of four-frequency parametric devices.

The signal phases in each permitted port are inter-
related through the pump phase by the mixing process
which occurs in the nonlinear element. Four-frequency
parametric transducers (signal, pump, upper sideband,
and lower sideband) are considered because they en-
compass both the negative conductance and the fre-
quency conversion mechanisms of amplification which
individually appear in the three-frequency difference
and sum spectral modes, respectively. As the signal ire-
quencies in the three-frequency difference mode con-
verge to the two-frequency degenerate mode, the ampli-
fication of the single unique frequency (one-half the
pump frequency) is sensitive to the relative pump phase.
The four-frequency transmission-phase relations will be
developed; from these the relations for three- and two-
frequency devices are obvious.

In this report the method of analysis uses the well-
known matrix representation for a nonlinear capacitive-
susceptance four-frequency parametric transducer
wherein due note is taken of the phases. A lossy non-
linear reactive element and the effects of nonzero port
susceptances are considered, removing the midband re-
strictions on the transmission-phase relations written
previously.? Use of the transmission-phase relations
will be illustrated by their application to several non-
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reciprocal and unilateral parametric transducers. A dis-
cussion follows of some wideband transmission-phase-
measurement techniques and their experimental results
for several operational modes. The transmission-phase
relations developed should not be confused with the
interrelations of propagation constants that have been
defined for travelling wave structures.

II. DEVELOPMENT OF TRANSMISSION-
Prase RELATIONS

In the following cursory analysis the four-frequency
parametric transducer considered is represented by
Fig. 1.

For small signal conditions, the current components
in the time-varying susceptance are represented in
matrix notation as

[1.) = [B][V.) (1)
for each port at frequency w,, where the nonlinear sus-
ceptance is represented by the admittance matrix [B],
and the current and the voltage at each port are de-
scribed by matrices [I,] and [V,], respectively. The
capacitive susceptance realized in a back-biased semi-
conductor diode is considered because of its general ac-
ceptance for low-noise applications. A single large peri-
odic pump voltage V,(f) causes the capacitance to vary
as

C *
V] = Co+ = 4=

2 2
= Co+ | Cyleirtter) |y [*emitenttor)  (2)

The asterisk (*) denotes Ci* as the conjugate of (i,
where Cy is the capacitance due to the fixed bias, and
(1 is the time variation of capacitance about Cy caused
by the pumping voltage V,(¢).

In the microwave region the back-biased semiconduc-
tor diode only approaches the ideal nonlinear capacity
because the spreading resistance R, is in series with the
barrier capacity. Using the admittance representation
of the diode, the equivalent conductance is written as
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Fig. 1—General four-frequency parametric transducer.

and the equivalent capacitive susceptance is written as

wnC()

Biy = —————
1+ wa2Co?R,?

(4)

at the ports n=1, 2, 3. Practical microwave varactors
have a high Q where the diode Q at each frequency w, is

0 1
" wnCORS ’

(%)

so that a simplification of the equivalent conductance
and susceptance is valid, and (3) and (4) become

Gdn = wn2C02Rs (6)

and

Bdn = wnC(L (7)
The nomenclature for the four-frequencies which shall
be allowed to exist in the external ports will be de-
scribed as

w1 < wy = wp — w1 <y < ws = w, + w. (8)
There are certain frequencies greater than w; which are
generated by the nonlinear reactance, but power at
these frequencies is not permitted to exist in the ex-
ternal ports. The matrix equation (1), when written for
the four frequencies specified in (8), where the effective

B wn®Co" R, diode loss at each frequency w, from (6) has been in-
Gop = ———— 3) . . .
1 4 w,2Co2R,? cluded in the diagonal term, is
] A . , 01Cy . wiCr* N
I w’Co?R, + jwiClo i= 1= Vi
L wlCr* . '
I* | = —J 2 ws?Co’R, — Jw2Co 0 Vo* &)
wiC1
I, 7 0 ws?Co®Rs + jwsCo || V4
L L. 2 )
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The preceding equation fully describes the mixing proc-
ess that occurs in the nonlinear element. The Kirchhoff
current equations for each port of the nonlinear react-
ance, neglecting the generator current, are written as

It = = ViYy = — V(G — jB)) (10)
I¥= — V*Vy= — Vy*(Gy + jBy) (11)
I3 = — V3173 = - VB(G3 _jB3)) (12)

where (G,+jB,) represents the Y, admittance associ-
ated with each port for which the susceptance term B,
cancels the diode susceptance w,Cy at the midband fre-
quency line w, = w,o of the mode spectrum.

The transmission-phase relations may now be deter-
mined where the phase dependencies of the voltage in
(9)—(12) are included. As an example, consider a four-
frequency operational mode spectrum with the input at
ws, the output at ws, and the idle at ws. The output cur-
rent from (9) is given by

wCy*

I* = (w22C02Rs _jw:]CO)Vll* —j Vi, (13)

which will be equated to (11). Collecting real and imagi-
nary terms after including the pump dependency of (2),
the expression has the form of

K,etlattd) L K pilegttdrt(2)

= K6l H'd)p'd’l‘ﬂ'/?)’ (14)

where ¢, is the phase of the voltage 1, and the phasor
magnitudes are given as

K, = (Gy + @2*Co®R,) Vs (15)

K; = (0:Co — By)V, (16)
w2C1

K, = ; V.. (17)

Eq. (14) has a graphical interpretation as phasors in
Fig. 2.

Inspection of Fig. 2 readily vields the transmission
phase at the output due to the signal input and the
pumping of the nonlinear reactance as

Go= by — b1 — — — t *1<K’>
o=, — ¢ — — — tan .
2 ¥ 1 2 K

r

(18)

Defining w,=w,¢(1+8,) for each port, where w,o is
the midband resonant frequency of the external port,
and 6, is the fractional deviation from resonance, (18)
becomes

T
P2 == dp — P1 — 7 — tan—!

w20 LaCo(1 + 89)2 — 1 )
wso2(1 + 52)20021?:3} , (19)
G:

| ZGawan(1 + 85) [1 +

1
|
{

Anderson and Aukland: Four-Frequency Parametric Devices

493

Ky

)

o
-
R
e
-
e
-

Fig. 2—Graphical interpretation of transmission phase.
where the external susceptance B, has been assumed to

be 1/w,L,. For simple resonant cavities where its
0=1/w,L,G,, (19) becomes

T
$r=dp =1 = —tant| |,

1+ —
QaGaRs

where §,<1.

The arctangent term in (20) accounts for the varac-
tor losses and detuning or off-center frequency operation
of the output cavity. The constant 7/2 in the phase
relation (20) is reminiscent of the phase shift in a quar-
ter-wave transformer. It should be noted that the phase
of the input voltage in (20) is that at the input port or
the nonlinear reactance and may not be the signal volt-
age phase applied to an input lossy cavity. The addi-
tional transmission phase shift through the input pas-
sive cavity may be accounted for in the conventional
manner.

Now consider a four-frequency operational mode
spectrum, where the input is at w;, the output is at ws,
and the idle at we; an argument analogous to the previ-
ous case yields the relation

S R

1+

¢3=¢p+¢1-§-tan_1

QMGsR;J

where 6,<«1.

The results of (20) and (21) are distinguished by the
difference in sign of ¢,.

Now consider the four-frequency operational mode,
where the input is at ws, the output is at wi, and the
idle is at ws.

I1 = (0*Co’R, + jwiCo) V1

w1Cy*

w1Cy .
VQ* + 7 —’2—* Vz,

+3 (22)
which is equated to (10). From (9) and (12) V; is writ-
ten in terms of V) and collecting the terms as before
vields the relation
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i
¢1:¢p_¢2_—“

2
2Q151 20«31(2353
- 1 N 1
lestGl Qd32RsG3
- tan_ll_ . (23)
14 aa
where 6,1
wWiws C1 2
@31 I [ (24)

T 4(G1+ w0CoR) (G5 + walCo?Ry)

The parameter @, is a measure of the coupling from
the wn to w, port due to a pumping of a nonlinear re-
actance.

Similarly, for the four-frequency operational mode
with the input at ws;, the output at wy, and the idle at
ws, the transmission-phase relation is

T
b= ¢ — ¢p — —

2
2018, 20510402
" 1 '+ 1
leGle Qd22G2Rs -
— tan—IL , (25)
1 —an
where 8,1
wiws | C1?
asy = ! 2[ ! (26)

4(G1 + wLQCOQRs) (GZ + COZQCOQR.;)

Note that the form of (23) and (25) is similar, except
that in (25) the pump and signal phase terms are inter-
changed. This is to be expected since the role of w, and
w3 in the down-conversion mechanism from the sum
frequency wy acts like the difference-frequency mech-
anism, insofar as energy transfer is concerned. In both
(23) and (25) the parametric coupling parameter @m.
shows how the idle cavity influences the transmission-
phase properties.

Now, with the transmission-phase relations between
ports of different frequencies (20), (21), (23), and (25),
the phase properties of one-port parametric transducers
(employing ferrite circulators to separate input and out-
put ports at a single frequency) may be deduced by not-
ing the transmission-phase conversion into the idle
loading, then by noting the reflection at the idle port,
and then by writing these in the transmission phase
relation back to the original port.

The arctangent term of (20), (21), (23), and (25)
expresses the effect of cavity detuning in the external
ports and the diode losses on the phase. Note that at
midband 8, =0 the varactor loss does not influence the
phase. The midband transmission-phase relations are
more useful in the cursory analysis of phase-sensitive
instrumentation, so by inspection the midband rela-
tions for various operational modes are tabulated as
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Input to Output Phase Relation

mw

w1 — Wy b2 = ¢, — 1 -y (27)
iy

w1 — w3 ¢3=¢p+¢1—7 (28)
i

ws —> wy ¢1=¢p—¢2_7 (29)
m

w3 —> W1 ¢1=¢3—‘¢p_7 (30)

wy — W3 ¢s = 20p — P2 — T (31)

Wz —> Wa ¢2 = 2¢p - ¢13. (32)

The four-output transmission-phase relations (27)—(30)
are easily remembered by noting the symmetry whereby
the phases combine in the same manner as the frequen-
cies combine, the result being in quadrature with the
output phase, where the quadrature sign is determined
by the nonlinear reactance. From these four basic rela-
tions, a simple manipulation yields (31) and (32) for
conversion between the pump sidebands. These six
equations may be applied for any type of nonlinear mix-
ing elements by using the appropriate radian constant
—negative constants for capacitive, positive constants
for inductive, and no constants for resistive nonlinear
elements.

The transmission-phase relations are also valid for
the three-frequency case, wherein one of the pump
side-bands is made nonexistent by setting G,qie= ®©
SO @m,=0. A three-frequency difference transducer,
wherein w; and w, are both coupled to the same port, is
said to be degenerate, because, for the single unique fre-
quency (one-half the pump ¢ =¢,) and from (29), the
pump phase is

ks
bp = 2¢1 + Py (33)
to realize amplification.
II1I. SoME APPLICATIONS OF TRANSMISSION-
Prase RELATIONS
Phase-sensitive systems measure the differential

phase between the signals received in separate chan-
nels. Parametric devices used to amplily or process the
signals must preserve the phase coherence between the
channels. This requirement dictates the following:

1) A single-pump oscillator must be common to all
channels.

2) Like parametric operation, modes must be used
to preserve the signal-spectrum order.

3) The signal-selectivity bandwidth and transmis-
sion-line (signal and pump) electrical length must
be similar for each channel to prevent signal dis-
persion.

When parametric devices are used in monopulse sys-
tems, the transmission-phase relations have proven use-
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ful in system analysis in the same manner as the trans-
mission phase rules have distinguished difference be-
tween the various microwave hybrid-junction types
used in the design of monopulse labvrinths. The phase
relations may also be used to conceive nonreciprocal or
unilateral parametric devices. Some applications will be
illustrated by applying the phase relations to two para-
metric devices described in the literature. The block
diagram and mode spectrum of a nonreciprocal device!®
is illustrated in Fig. 3.

This device employs an up-converter followed by a
down-converter, both pumped from a common source
but in phase quadrature. From (28) and (30) the phase
at each point for each direction of propagation is indi-
cated in Fig. 3. It is clear that the device’s phase
length depends upon the direction of propagation be-
cause of the manner in which the pump is applied.
Thus, when surrounded with two hybrid junctions, the
device functions as a four-port circulator.

Adams* and Blake® have described a five-frequency
parametric amplifier which has positive input-output
conductances, unlimited conversion gain, and may be
unilateral. The pump harmonic is employed as the fifth
frequency. The principles which they employ combine
two operational modes. If the modes are separated into
individual parametric transducers of equal gain between
two hybrid junctions and pumped coherently, then a
four-port circulator is obtained, as illustrated in Fig. 4.
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Fig. 3—A parametric nonreciprocal transducer.
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Fig. 4—A parametric 4-port circulator.
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Proc. IRE, vol. 48, pp. 1424-1430; August, 1960.
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One amplifier functions in the three-frequency mode
with respect to the ws, pump, where ws, is the second
harmonic of w,. The other amplifier functions as a four-
frequency device with respect to the w, pump, where
wy idles. From (27), (29), (30), and (32), the phase at
each port for each direction of propagation is illustrated
in Fig. 4. The frequencies on the opposite sides of the
circulator are related as w.=cw; and wz=w,’, where the
primes signify the frequencies from the device pumped
by ws,. It is clear that the signal will circulate as
1—2—3—4—1, where both the signal frequencies and
signal levels alternate between ports.

IV. EXPERIMENTAL PIASE MEASUREMENTS

Several experiments have been performed to verify
some of the stated transmission-phase relations and to
determine the application feasibility of parametric
transducers in phase-sensitive instrumentation such as
monopulse systems. The block diagram of instrumenta-
tion used to simultaneously measure the transmission
gain and phase of a parametric amplifier over a wide
frequency band is illustrated in Fig. 5. The frequencies
in each leg of the phase bridge are separated by 1000
cps, and the total length of each leg is approximately
1700 wavelengths. The phase measurements are inde-
pendent of signal amplitude over a 30-db dynamic
range. Provisions are also included to measure the ef-
fective input noise temperature. A three-frequency dif-
ference parametric amplifier, operating in a quasi-
degenerate mode with a pump of 17.0 Ge¢ was used for
the phase experiments. The parametric amplifier was
designed for flexibility rather than wideband and low-
noise temperature, although a 1.9 Gc gain-bandwidth
product and 110°K radiometric noise temperature have
been observed. The amplifier was designed to study the
quasi-degenerate four-frequency operation and to ac-
cept a wide variety of varactor diodes with self-reso-
nant frequencies both above and below the degenerate
point,
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Fig. 5—Gain and phase instrumentation.
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The observed experimental transmission gain and
phase properties for a variety of operating conditions
are illustrated in Figs. 6-11 (pp. 496-498). Relative
power gain and differential phase 0 to 27 is displayed as
a function of frequency for the conditions indicated.

Some explanation of the phase data displayed is pru-
dent here for proper interpretation. A phase function is
a continuous circular function which has been recorded
herein on a rectilinear system; therefore, when the
phase meter and oscillogram indicators reach 0 or 2,
the indicator rapidly traverses the scale and continues
the phase function. The transmission-phase data of a
degenerate parametric amplifier is shown in Fig. 6 for
0 and 7 positions of the phase shifter in the opposite
leg of the phase bridge. Both curves are identical phase
functions, but the upper curve has the scale traversal
positioned at the amplifier midband.

(2)

(b)

(a)

(b)

Fig. 7—Transmission gain and phase as a function of frequency for a degenerate parametrlc amplifier, pump on and

pump off. (a) Gain. (b) Phase.
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(a) (b)

Fig. 8—Transmission gain and phase as a function of frequency for a wideband degenerate parametric amplifier, pump
on and pump off. (a) Gain. (b) Phase.

Fig. 10—Transmission gain and phase as a function of frequency of
Fig. 9—Transmission gain and phase as a function of frequency for a wideband parametric amplifier showing the phase bridge dis-
a nondegenerate parametric amplifier. persion properties over a wide band.
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In Figs. 7 and 8 the upper phase curve is associated
with the functioning amplifier, while the lower phase
curve is for the transducer’s cavity response without
pump power. Note the w/2 shift at midband, which is
to be expected from (27) and (29). The amplifier gain
response in Fig. 8 for approximate critical coupling be-
tween w; and ws circuits is shown again in Fig. 10 with
a sweep display width of 1.4 Gce. The two left scale
traversals show the dispersion in the phase bridge which
is the result of only crude compensation of coaxial com-
ponents and helix in the TWT single sideband modu-
lator. In Fig. 9 the amplifier shows separate responses
for w; and ws, and the corresponding phase curve unfor-
tunately has the scale traversals aligned with the ampli-
fier response. The gain and phase response for three suc-
cessive degrees of coupling are shown in Fig. 11 in
which the phases remain unchanged at §,=0. Similar
results are observed when the w; loading is altered.

The short-time stability of the phase-measuring sys-
tem shown in Fig. 5 was observed to be less than one
degree. No particular effort was made to stabilize the
pump frequency, the signal frequency, or the TWT f{re-
quency translator.

When the conditions for coherent phase measure-
ments are fulfilled in 2 monopulse receiver, the unpre-
dictable variations of the differential phase stability
between parametric transducers is inherently so small
as to be unmeasurable.
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(b)

Fig. 11—Transmission gain and phase as a function of frequency for three conditions of input coupling. (a) Gain. (b) Phase.

V. CONCLUSION
The transmission-phase relations have been written
for four-frequency parametric transducers for various
modes including the effects of varactor losses and cavity
detuning. Four-frequency parametric transducers were

considered because they encompass both the negative-
conductance and [requency-conversion mechanisms of-

parametric amplification. These relations are also valid
for the three- and two-frequency modes. At midband
these relations reduce to simple, easily remembered
equations which are valid for any type of nonlinear
pumped circuit element.

The application of parametric transducers to mono-
pulse systems because of their low-noise properties has
been emphasized. There are other properties of para-
metric transducers that can be effectively applied to
phase-sensitive systems. For example, if coherence be-
tween information channels is maintained by fulfilling
the stated conditions, an array of radiators and para-
metric transducers may be scanned by appropriate
phasing in the pump distribution.

A wideband differential phase bridge has been used
to investigate the transmission phase properties of vari-
ous parametric transducer modes. Midband transmis-
sion-phase relations have proved useful in the analysis
of phase-sensitive instrumentation. The observed re-
sults vary in the manner predicted. The experimental
results suggest that parametric transducers are ideally
suited for phase-sensitive systems.

i



